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We investigate the semiclassical electronic transport properties of the bilayer silicene-
like system in the presence of charged impurity. The trigonal warping due to the
interlayer hopping, and its effect to the band structure of bilayer silicene is discussed.
Besides the trigonal warping, the external field also gives rise to the anisotropic ef-
fect of the mobility (at finite temperature) which can be explored by the Boltzmann
theory. The dynamical polarization as well as the scattering wave vector-dependent
screening within random phase approximation are very important in determining
the scattering behavior and the self-consistent transport. We detailly discuss the
transport behavior under the short- or long-range potential. The phonon scattering
with the acoustic phonon mode which dominant at high temperature is also studied
within the density functional theory (DFT). Our results are also valid for the bilayer
graphene or bilayer MoS2, and other bilayer systems with strong interlayer coupling.
Keywords: Bilayer silicene; relaxation rate; Dynamical polarization; Phonon scat-
tering; charged impurity; Boltzmann transport.
1 Introduction
The bilayer silicene-like group-IV two-dimension (2D) materials, like the bilayer graphene
has been widely studied and compared with the silicene[1]. Except the group-IV materials, the
electronic transport properties of the bilayer MoS2 (with three sublayers) as well as the bilayer
blue phosphorene[2] (which has a structure more similar to the silicene[3] than the bilayer black
phosphorene) also has been compared with the silicene, including some of the thermodynamics
properties, like the thermal conductivity[3] and the temperature-dependent scattering (and
with the similar phonon spectrum). The MoS2 and the blue phosphorene also have a buckled
structure[4, 5, 6] due to the sp2 − sp3 hybridization like the silicene. The optical properties
of the bilayer silicene-like parabolic system, including the absorption of the radiation (by the
polarized light[7]), also has been widely studied[8].
The properties including the dynamical polarization between the linear Dirac system (mono-
layer silicene) and the parabolic system (bilayer silicene) has a large difference. For band struc-
ture of moolayer silicene, the symmetry between the conduction band and the valence band
will be broken in silicene by the next-nearest-neighbor (NNN) Rashba-coupling (induced by
the applied perpendicular electric field) (see Refs.[9, 10, 11]). We found that, the static polar-
ization of bilayer silicene could be nearly temperature-independent in adiabatically case with
the large band gap. In addition, the difference in band gap also affects the mobility and the
phonon scattering as well as the Landau level when under the magnetic field, e.g., the Landau
levels (LLs) in MoS2 with a large band gap grows linearly with the magnetic field, that’s indeed
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different to the case described in Ref.[12] where the linear growth of LLs in zinc-blende semi-
conductor is only exists in low-magnetic field regime. Moreover, the time-reversal invariance
(TRI) in the bilayer silicene may be broken due to the strong trigonal warping effect which
could suppress the backscattering in Fermi surface[13] due to the weak antilocalization[14] and
such phenomenon also appears in the monolayer graphene in high energy case.
At low-temperature, the carrier transport and the relaxation rate of the bilayer silicene is
discussed in the presence of randomly charged impurity and the dominant elastic back scatter-
ing, we also compare the results to the case of three-dimension Weyl semimetal. The electronic
transport in the presence of screened Coulomb potential also affects the dc conductivity[15]
as well as the Friedel oscillation[9, 13, 16, 17, 18] of the silicene. At finite temperature, the
the electron-phonon interaction is calculated and the acoustic phonon model of silicene is ob-
tained by the DFT study and compared to the MoS2. For long-range Coulomb potential in
the Thomas-Fermi approximation, the external potential induced by the electric field or the
impurity within substrate is also related to the induced charge density.
This paper is organized as follows. In Sec.2, we present the low-energy effective Dirac model
of the bilayer silicene. In Sec.3, we mainly discuss the dynamical polarization and the carrier-
density-dependence of the bilayer silicene. In Sec.4, we discuss the Boltzmann transport in
the dirty sample of bilayer silicene in the presence of the long-range impurity. In Sec.5, the
long-range electron scattering rate at finite temperature in the presence of electron-phonon in-
teraction is obtained by the Fermi’s golden rule, and the intravalley scattering by the acoustic
phonon is derived by the deformation-potential approximation, In Sec.6, we discuss the relax-
ation rate (in the case of short-range potential) of the Dirac and Weyl system for a comparation,
The static polarization of bilayer silicene is obtained. In Sec.7, we discuss the long-range po-
tential. In the absence of gate voltage, there are not free carriers at zero-temperature[15]. We
consider an electric field along transport direction, then the temperature-dependent mobility
can be obtained. In Appendix.A, we detailly describe the low-energy effective Dirac model of
the bilayer silicene as well as its eigenvalue. In Appendix.B, we presence the detail derive of
the dynamical polarization of bilayer silicene at finite temperature with the strong interlayer
hopping.
2 Model
For the dynamical polarization of the monolayer silicene, we have discussed in the Refs.[13,
9, 16, 17], while for the bilayer silicene which is a parabolic system the interlayer hopping t⊥
need to be taken into account. The kink of the bilayer silicene we discuss here is the AB-stacked
one which is generally more stable than the AA-stacked one[65], and the parameters are setted
as: The nearest-neighbor (NN) interlayer hopping is t⊥ = 2 eV which is much larger than the
next-nearest-neighbor (NNN) interlayer one[65] and thus we consider only the NN interlayer
hopping here. The interlayer spin-orbit coupling (SOC) λSOC⊥ is estimated as 0.5 meV here[20]
and since the trigonal warping term between two layers has a non-negligible impact (expecially
when applies the light in terahert range[21]), we set the trigonal warping hopping parameter
as tw = 0.16 eV. Then the low-energy Dirac effective model can be written as:
H = η


mη++D ~vw(kx + iky) 0 ~vF (kx − iky)
~vw(kx − iky) mη+−D ~vF (kx + iky) 0
0 ~vF (kx − iky) mη−+D ηt′
~vF (kx + iky) 0 ηt
′ mη−−D

 , (1)
where vw =
√
3atw/2~ ∼ vF/10 ∼ 5.5 × 104m/s is the velocity associates with the trigonal
warping, vF = 5.5 × 105 m/s is the Fermi velocity of the freestnding silicene and it can be
2
vF = 1.2 ∼ 1.3 × 106 m/s in a Ag-substrate. The trigonal warping term breaks the valley
symmetry and will leads to the single-Dirac-cone state under the light in a finite intensity
which is simialr to the effect of the out-of-plane antiferromagnetic exchange field. The above
matrix can also be written as [10, 9, 4, 22, 23, 13, 16, 24, 20]
H =~vF (ητxkx + τyky) + ηλSOCτzσz + aλR2ητz(kyσx − kxσy)
− ∆
2
E⊥τz +
λR1
2
(ησyτx − σxτy) +Msσz + λSOC⊥τz(ησxτ ′y + σyτ ′x)
+
t⊥
2
(τxτ
′
x − τyτ ′y) +
tw
2
(kxτxτ
′
x + kxτyτ
′
y) + µ,
(2)
where E⊥ is the perpendicularly applied electric field, a = 3.86 is the lattice constant, µ is
the chemical potential, τ ′x/y denotes the pseudospin of the layers, ∆ = 0.46 A˚ is the buckled
distance between the upper sublattice and lower sublattice, σz and τz are the spin and sublattice
(pseudospin) degrees of freedom, respectively. η = ±1 for K and K’ valley, respectively. Ms
is the spin-dependent exchange field. λSOC = 3.9 meV is the strength of intrinsic spin-orbit
coupling (SOC) and λR2 = 0.7 meV is the intrinsic Rashba coupling which is a next-nearest-
neightbor (NNN) hopping term and breaks the lattice inversion symmetry. λR1 is the electric
field-induced nearest-neighbor (NN) Rashba coupling which has been found that linear with
the applied electric field in our previous works[4]: λR1 = 0.012E⊥. The Dirac-mass for one spin
(or pseudospin) component can be obtained throught the diagonalization procedure:
mη,σz ,τzD = η
√
λ2SOC + a
2λ2R2k
2σzτz − ∆
2
E⊥τz +Msσz, (3)
The Dirac-mass is related to the band gap by the relation ∆ = 2|mD|. The energy ε can
be obtained by solving the Eq.(2) as shown in Appendix.A. A significant difference of bilayer
silicene to the monolayer silicene is the trigonal warping due to the strong interlayer hopping
which is replaced by the hexagonal warping[13] as observed upon the Ag(111) substrate[25]. The
energy and the DOS distribution of the monolayer silicene (with hexagonal warping (HW)) and
bilayer silicene (with trigonal warping (TW)) are presented in the Fig.1, In Fig.2, we show the
band structure of bilayer silicene under electric field. The minimum band gap (mminD ) vanishes
in the critical electric field. In Fig.2, the interlayer hopping also cause a slightly asymmetry of
the band structure which can be seen when compared to the upper panels (without consider
the interlayer hopping).
3 Fermi wave vector, DOS at Fermi level, and the dynamical polar-
ization of bilayer silicene in the presence of impurity
In the presence of the impurities as well as the short- or long-range Coulomb interaction, an
important quantity is the dynamical polarization which estimates the screening static impurity
potential or the screening due to the collective excitation models[9, 16, 13], and renormalizes the
Coulomb interactions between the carriers. We have clarified the density-dependence (carriers
or the impurities) of the Fermi wave vector, Thomas-Fermi wave vector, plasmon dispersion,
and the density of states (DOS) at Fermi level in Ref.[17] for the 2D Dirac system and the 3D
Dirac or Weyl system, here we use the results we obtained in Ref.[17] for further discussion.
As we discussed in Ref.[17], the Fermi wave vector of monolayer 2D Dirac system is k
(2)
F =√
4πn/gsgv, where n is the carrier density and gsgv = 4 denotes the spin and valley degrees of
freedom. And for a typical value of carrier density n = 1 × 1012 cm−2, the Fermi wavevectors
can be obtained as k
(2)
F =
√
nπ = 1.8 × 108 m−1 ≈ 5.56 nm. While for the bilayer silicene
(or other parabolic 2D systems), due to the existence of t⊥, the Fermi wave vector becomes
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kbiF = t⊥
√
4πn/gsgv =
√
4πµ(µ+ t⊥)/gsgv, i.e., the interlayer hopping has the relation t⊥ =
µ+µ
√
4n+1
2n
. For the maximum carrier density n = 1013 cm−2, the Fermi wave vector can be
obtained as kF == 1.06×107 m−1 ≈ 94 nm, where the interlayer hopping here is t⊥ = 0.0189 eV.
We next simplify the maximum carrier density as nmax = 1, then, for a experimental achievable
chemical potential µ = 0.2 eV, through above expression we obtain t⊥ =
µ+µ
√
4+1
2
= 0.323
eV, thus µ/t⊥ = 0.2/0.323 = 0.619, which is close to the result of Ref.[26] (0.6); while for the
smaller carrier density n = 1012 cm−2 = nmax/10, it becomes t⊥ =
µ+µ
√
4×0.1+1
2×0.1 = 1.63 eV, then
µ/t⊥ = 0.2/1.63 = 0.12, which close to the result of Ref.[26] again (0.2). Note that here the
deviation here may due to the neglect of the factor π in the Ref.[26]. As shown in Ref.[17], the
DOS at Fermi level of the linear 2D Dirac system reads D
(2)
F =
√
gsgv
nπ
γ
where γ is the band
parameter which can be estimated as vF in the case of large distance. For the bilayer silicene,
the DOS reads DbiF = gsgv
t⊥+2µ
4π
, and the resulting dielectric function is
ǫbi(q, ω) = ǫ∗(1 +
VqD
bi
F
ǫ∗~vF
Πbi(q, ω)), (4)
where Vq =
2πe2
ǫq
is the 2D Fourier transform of the Coulomb interaction, and here e2/~vF can
be estimated as 2.16[16, 27]. ǫ∗ is the effective background dielectric constant[17, 28, 29]. The
expression of the dielectric function for bilayer silicene is differ from the monolayer one where
the factor DbiF is missing. The dynamical polarization of the bilayer silicene (or other parabolic
chiral system) reads
Πbi(q, ω) = −gsgv 2πe
2
ǫ0ǫ
∑
mD
∫
1stBZ
d2k
(2π)2
∑
s,s′=±1
fs,(k+q) − fs′,k
Es,(k+q) −Es′,k − Ω− iδFss
′(k, (k+ q)), (5)
with
Fss′(k, (k+ q)) =
1
2
+
ss′
2
cos(2θss′), (6)
where θss′ = acos
k·k′
kk′
is the angle between the wave vectors before and after scattering, then we
have
cos(2θss′) = 2(
k + qcosφ+m2D√
k2 + q2 + 2kqcosφ
)2 − 1 (7)
where φ is the angle between k and q, and here we define |k+ q| =
√
k2 + q2 + 2kqcosθ. The
area of the unit 2D cell A is setted as 1 for simplicity. The eigenvalue about the energy ε can
be analytically obtained by solving the Eq.(2). Then the dynamical polarization for a low-
temperature can be obtained after some algebra. We set s = 1 which stands for the conduction
band, then at zero temperature, the imaginary part of the dyamical polarization reads
ImΠbi(q, ω) =− gsgv e
2
2ǫ0ǫ
∫ √Λ2−m2
D
0
kdk
{
1
4k2
[
φ(4m2Dk + 3k
2 − q2)
+
2(2m2Dk + k
2 − q2)2atan tan
φ
2
(k−q)
k+q
k2 − q2 + 2kqsinφ




∣∣∣∣∣
φ
δ(ω + iη + Es,k + Es′,(k+q))
(8)
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for s′ = 1;
ImΠbi(q, ω) =− gsgv e
2
2ǫ0ǫ
∫ √Λ2−m2
D
0
kdk
{
1
4k2
[
φ(−4m2Dk + k2 + q2)
−
2(2m2Dk + k
2 − q2)2atan tan
φ
2
(k−q)
k+q
k2 − q2 − 2kqsinφ




∣∣∣∣∣
φ
δ(ω + iη + Es,k − Es′,(k+q))
(9)
for s′ = −1. Here Λ ≫ mD + q as a integration limit. While for the case of s = −1, the
dynamical polarization can be deduced by the same way. The term δ(ω+ iη+Es,k−Es′,(k+q))
in above expressions also appear in the Kubo-Greenwood formula of the mobility[30]. The real
part of the polarization can be obtained through the Kramers-Kronig relation
Re[Π(q,Ω)] =
1
π
P
∫ ∞
−∞
dω
ωIm[Π(q, ω)]
ω2 − Ω2 sgn[ω]. (10)
At zero-temperature, the Fermi-Dirac distribution function can be replaced by the step function,
f1,(k+q) = θ(k
bi
F−k−q) = θ(
√
2m∗µ
~
−k−q), f−1,(k+q) = 1. Since elastic backscattering is dominant
for both the 2DEG and the bilayer silicene in low-temparature[31], the angle φ can be setted as
π, then the result of the chirality factor Fss′ for s
′ = 1 (intraband) and s′ = −1 (interband) are
shown in Fig.3, where the peak appear in q = kbiF ≈ 0.327 eV. Here we note that, althrough the
2DEG and the bilayer silicene have many similarities in electronic transport properties as well
as the carriers density-dependence during the self-consistent transport[9, 32], their polarization
function have different forms: The polarization of the 2DEG does not has the chiral factor Fss′,
and thus its relaxation time in a form as shown in Ref.[33]. The missing of the chirality in
2DEG also gives rise the backscattering unlike the silicene or the Weyl semimetals.
4 Boltzmann transport and the density-dependence in bilayer sil-
icene
Next we analyze the effect of the impurity to the electron transport. In the presence of
long-range impurity (not the δ-type), we first assuming the collision-free Boltzmann equation
in relaxation time approximation:
f˙k +∇r · (vkfk) = −fk − f
0
k
τk
, (11)
where vk is the momentum-dependent group velocity. Here the external field-induced term
∇k · fk is missing and thus guarantee the isotropic scattering. Then in the Hartree-Fock ap-
proximation for the on-site interaction and the self-consistent Born approximation in the pres-
ence of impurity with the disorder scattering potential in density ns = n
scatt
i (in 2D electron
system) where ni is the impurity concentration. The ns here plays an important role in room
temperature mobility[34]: The lower the disorder scattering, the higher electron mobility. The
collision rate in the presence of the impurity scattering reads
1
τ
=
ns
h~vF
εF
~vF
∫ 2π
0
dθ
1 + cosθ + δ(Ek − Ek′)(1− cosθ)
2
|U(q)|2(1− cosθ), (12)
where θ is scattering angle. U(q) = e
2
2ǫǫ∗
√
q2+k2s
is the 2D Fourier transform of the U(r) = e
2e−ks
4πǫǫ∗
.
The relaxation time is inverse proportional to the conductivity since it’s proportion to the
impurity concentration ni. The scattering wave vector reads q = k − k′ = 2ksin(θ/2) and
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here k ∼ ε
~vF
∼ n1/2i for the 2D Dirac system. The standard[36, 35] factor (1 − cosθ) exist
in the presence of the dominating elastic backscattering and isotropic relaxation for the 2D or
3D Dirac or Weyl system, but for bilayer system, it becomes (1 − cos2θ) due to the special
pseudospin distribution. The δ-term here can be preserved even for the long-range impurity as
a result of low-temperature, and the δ-term also proportional to the strength of the intraband
transition. In the low-temperature case, the relaxation process is affected by the (scattering)
phase-space restriction[37] with the Pauli principle[38], in addition, we have sinθ = ~vFk/ε
if the angle θ is in the phase-space. While in Eq.(5), we does not consider the chirality and
the pseudospin distribution in phase-space. In the zero-field limit, the dc conductivity reads
σ0 =
2e2
h~
E
(2)
F τ with the Fermi energy E
(2)
F = γkF ≈ vFkF . Since in the gapless case, the 1τ reads
1
τ
=
ns
h~vF
kF
∫ 2π
0
dθ
1
2
|U(q)|2(1− cos2θ)
=
ns
h~vF
kF
π
2
|U(q)|2,
(13)
the dc conductivity σ0 becomes independent of the Fermi wavevector, and we can also know
that, for the case of elastic backscattering
The short-range impurity scattering is dominating in the absence of electron interaction.
With the screened Coulomb interaction in the presence of a large experimentally accessible
carrier density, e.g., in a density n = 4.35 × 1012 cm−2, the Thomas-Fermi wave vector can
be evaluated by the self-consistent Thomas-Fermi screening approximation (qTF > 2kF )[39]
as qTF = gsgvrskF = 1.183 × 107 cm−1 (or the inverse screening length) where rs = e2~ǫǫ∗γ
is the Wigner-Seitz radiu. While for the parabolic system, the Thomas-Fermi wave vector
is independent of the carrier density but relys more on the interlayer hopping, which reads
qbiTF = gsgvr
bi
s kF = gsgv
e2m∗
kF ǫǫ∗~2
kF = gsgv
e2m∗
ǫǫ∗~2
, with rbis =
e2m∗
kF ǫǫ∗
the effective mass in silicene
m∗ = t⊥/(2v2F ) = 2~
2t⊥/(3a2t2) ∼ 1/v2F (using the identity ~vF =
√
3
2
at). For bilayer silicene,
m∗ = 0.268me, and it is larger than the bilayer graphene which is obtained as 0.033me[31], then
we can obtain qbiTF ≈ 8.124× 109 m−1 which is larger than the one of bilayer graphene (about
8 × 109 m−1). We note here that, although the Thomas-Fermi wave vector in bilayer silicene
is independent of the carrier density, it restore the carrier-density-dependence in the 3D Dirac
or Weyl system (i.e., the bulk form of the host materials), which becomes qTF = 3 × gsgvπne2ǫǫ∗EF .
For the Donor impurity in 3D Weyl semimetal, we also have[36] q2TF = 4πe
2(D
(3)
F )
3 where
D
(3)
F =
3
√
9gsgvn2/2π2γ3 ≪ 1 is the DOS of Fermi level in 3D Weyl semimetal with the long-
range Coulomb potential.
For the overscreened Coulomb intercation (qTF ≫ 2kF [31]), both the 2DEG and bilayer
silicene have a dc conductivity σ ∝ n/ni[40, 31]. In coherent phase approximation, the mean-
free path ℓ = vF τ is related to the DF by DF ∝ 1/ℓvF . In addition, the self-doping effect as well
as the value of kF ℓ will enhanced with increase of ni, e.g., for ni = 10
12 cm−2, kF = 5.64×10−9
m, thus kF ℓ = 0.1, while for ni = 10
10 cm−2, kF ℓ = 1[41].
In low-energy limit (ε < 0.1 eV) where the parabolic structure of the bilayer silicene is broken
down, the residual carrier density exists in Dirac-point with the linear band structure. We note
that the lower residual carrier density in silicene results in a smaller bandgap compared to the
graphene[42]. The residual carrier density is the carrier density (the electron and hole) in Dirac-
point given by a sum of the populated states[42] including the ones induced by the charged
impurities, and it’s exists even in the presence of the broken Dirac-cone by the Ag-substrate[43].
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For ε > EF , we have
nr =2
∫ Λ
mD
D(ε)f(ε)dε
=
4
π~2v2F
[
1
2
ε(ε− 2T ln(e(ε−EF )/T + 1))− T 2Li2(−e(ε−EF )/T )
] ∣∣∣∣
3t
mD
, ε > EF
(14)
where f(ε) = 1/(1 + e(ε−EF )/T ) is the Fermi-distribution function, D(ε) = 2ε
π~2v2
F
is the DOS
where we consider the two spin flavors here. Li2(x) is the dilogarithm function. Λ is the high-
energy cutoff which can be estimated as the bandwidth W = 3t here. The plot of nr is shown
in Fig.4, where the residual density seems increase monotonically as temperature increase and
nearly independent of the chemical potential. For ε = EF , we have nr = DF ∝ √ni. The
influence of the impurity concentration to the residual carrier density can be ignored only in
the case that 2|mD| ≪ kBT , i.e., the band gap is smaller than the thermal activation, and thus
the effect of the impurity is important in the low-temperature case as shown in the low-energy
Dirac system. The dc minimal conductivity is proportional to the carrier density as σmindc =
e2vF
h
τmax[kF , πα
√
n][41] where α ≤ 1 is a dimensionless constant. The minimal dc condictivity
induced by static gate voltage reads σdc = 20
e2
h
max[n,nr]
ni
[44] for the SiO2 subatrate which with
the Wigner-Seitz radiu rs ≈ 0.553. The general relation σ ∼ n/ni is been proved[31] that valid
for the case of screened Coulomb potential. For small impurity concentration ni = 5 × 1011
cm−2 in SiO2, the corresponding σdc = 7.6 e
2
h
with n/ni = 0.38. In diffusive kinetic theory,
the conductivity has σ ∼ kF ℓ ∼ ρ−1 ∼ τ 2 ∼ 1/ni, where ρ is the resistivity, the scattering
time τ increase with the carrier density, and for high mobility which corresponds to short-range
scattering, the rate of increase of τ with n is lower than the low-mobility one.
In the presence of the disorder to the silicene lattice system, it’s found that not localized
state exist in the massless silicene[45]. For monolayer silicene and bilayer silicene, the Berry
phases accumulated near Dirac-cone are π and 2π, respectively, similar to the gapless graphene,
and they have a destructive interference effect between the backscattering and its time-reversal
counterpart behavior[45, 46]. Thus the backscattering is supressed by the time-reversal in this
case unless has stronger disorder to breaks the chirality (or when the disorder dominates over
the effect of interactions at some fixed point of the momentum space). The supression of the
backscattering also results from of the presence of quasiparticle chirality no matter in the 3D
Weyl system[28] or 2D Dirac system[13, 16, 17].
5 Phonon
In finite temperature (or up to room temperature) where the Fermi-Dirac distribution func-
tion within the expression of nr describes the occupation of the phonon, the Monte Carlo
simulation is valid during the calculation of the phonon transport in full-band analysis[47].
Here we present in Table.1 the first principle result of the (acoustic) phonon model of the sil-
icene and MoS2 by using the QUANTUM ESPRESSO package[48] where the plane wave energy
cutoff is setted as 400 eV for the ultrasoft pseudopotential and the structures are relaxed until
the Hellmann-Feynman force on each atom is below 0.01 eV/A˚ . The phonon frequency here
is also helpful in determining the superconductivity transition temperature[49]. Our result for
MoS2 is in great agreement with Ref.[47]. As it’s well known, the optical phonon spectrum is
prevail over the acoustic phonon spectrum, and the longitudinal acoustic branch (LA) is usually
higher than the transverse acoustic branch (TA) which can be easily obtained by analyzing the
atomic vibrations. While for the out-of-plane acoustic branch (ZA), although it has a lowest
phonon energy (and thus has a highest phonon scattering rate or electron-phonon coupling
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constant[49]), it’s generally not to be ignored due to the broken inversal symmetry in silicene,
unlike in graphene. Similarly, the longitudinal strain has a larger effect on the π-band structure
or the thermal relaxation than the torsional or transverse strain[50].
We also want to note that the acoustic phonon models for silicene contribute mainly to the
intervalley scattering (for short-range scattering), unlike the optical phonon models which con-
tribute to both the intravalley and intervalley scattering. Through the data shown in Table.1,
we know that the phonon energy of monolayer MoS2 is higher than the silicene, and thus the
MoS2 should has lower scattering rate than silicene, which can be explained as below. The
long-range electron scattering rate then can be obtained as[51, 47, 49]
1
τph
=
2π
~
∑
q,ν
|gν |2[fνδ(εk+q − ~ων − εk) + (fν + 1)δ(εk−q + ~ων − εk)](1− cosθ), (15)
where ν = LA, TA, ZA is the indices of the acoustic branches, gν is the electron-phonon
interaction matrix element[52] which scaled by the atomic mass and phonon frequency as gν =√
~
2mων
〈ψk′ |δVq|ψk〉 where ψ is the Bloch wave function in reciprocal lattice vector space. δVq
is the derivative of the self-consistent potential Vq =
∑
q vq(r)e
iq·r (we assume the static case
here) with vq(r) the lattice-periodic potential[52]. The gν can be obtained by the density
functional perturbation theory (DFPT) for the periodic potential with finite q. Note that the
optical limit can’t be applied in the DFPT and thus the macroscopic dielectric matrix can’t be
approximated by the head of the microscopic dielectric matrix[53], i.e., preserved the local field
(off-diagonal) terms. fν = 1/(e
~ων/T + 1) describes the phonon occupation, the corresponding
phonon frequency ων can be found in Table.1. Note that this scattering rate obtained by Fermi
golden rule is valid for long-range scattering, and incorparates the long-range divergence of the
Coulomb interaction in the Dirac-point, but it’s unvalid for the short-range scattering (e.g.,
when the potential range is shorter than the lattice constant a =3.86 A˚ ). The scattering rate
of phonon (1013 s−1) is much larger than of the impurity (1010 s−1). Here we note that for
the massless Dirac system in all dimensions, the dispersion obeys ε = vFk, and the phonon
frequency in Debye approximation also has ωp = vsk. For the intravalley scattering of silicene,
and in the presence of broken sublattice symmetry by the electric field, light field, or the tensile
strain, the acoustic phonon scattering rate for single flavor is 1/τph =
D2T~vFkF
~3v2ν
ρv2F [47, 41, 51]
where ρ = 7.2×10−8 g/cm2 is the mass density, vν ≈ 2×104 m/s∼ 0.036vF is the sound velocity,
D is the electron acoustic deformation potential. Since the intervalley scattering is dominant
in the case of short-range potential, this intravalley acoustic phonon scattering is much weaker
than the intervalley one; however, the intravalley optical phonon scattering is comparable with
the intervalley one[47]. For the case of electron-hole symmetry in gapless case, the full relaxation
rate (contains all of the flavors) can be written as 1/τph =
D2T~vFkF
8~3v2ν
ρv2F [41].
6 Relaxation rate and static polarization
For the short-range (contact potential) scattering in Born approximation, where the interval-
ley scattering becomes dominating and the impurity potential can be replaced by a δ-function,
the relaxation rate in 2D Dirac system (monolayer or bilayer) and 3D Weyl system read
1
τ (2)
=
niV
(2)2(q)
~2v2F
|E(2)F | =
niV
(2)2(q)
~2v2F
|~vFk(2)F |,
1
τ (3)
=
niV
(3)2(q)
π~3v3F
|E(3)F |2 =
niV
(3)2(q)
~2v2F
∣∣∣∣∣~
2(k
(3)
F )
2
2m∗
∣∣∣∣∣
2
,
(16)
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where the 2D Fourier transform of the screened Coulomb interaction is V (2)(q) = 2πe
2
ǫ0ǫ
√
q2+k2s
,
with the screening wave vector (or the inverse screening length) in static-limit ks = 2πe
2Π(q, 0, T )/(ǫ0ǫ)
which is polarization-dependent. While for bilayer silicene, the screened Coulomb interaction
is V bi(q) = 2πe
2e−q|z|
ǫ0ǫ
√
q2+k2s
where z is the distance between the upper (or lower) layer to the middle
point of the bilayer silicene (the short-range impurity is placed in the silicene sheet but not in
the substrate now), and the relaxation rate can be obtained by replacing the E
(2)
F within 1/τ
(2)
as EbiF = ε (see Appendix.A). For 3D Dirac or Weyl system, V
(3)(q) = 4πe
2
ǫ0ǫ(q2+k2s)
. The 2D Fermi
wave vector k
(2)
F has been presented in above, while for 3D Weyl system, k
(3)
F =
3
√
6π2n/gsgv
where we assume that the two Weyl nodes are equally populated, and for bilayer system
kbiF =
√
2m∗µ
~
. Specifically, for bilayer system in long-wavelength limit at zero temperature,
we have Πbi(q, 0) ≈ DbiF in the case µ → 0[54], thus we have ks ≈ 2πe2DbiF /(ǫ0ǫ) for bilayer
system.
The static polarization in zero temperature Π(q, 0, 0) for 2D Dirac system reads [9, 13, 16,
55, 17]
Π(q, 0, 0) = −gsgv 2e
2µ
ǫǫ∗~2v2F
[
mD
2µ
+
~
2v2Fq
2 − 4m2D
4~vFqµ
asin
√
~2v2Fq
2
~2v2Fq
2 + 4m2D
]
(17)
for 0 < µ < mD (intrinsic), and
Π(q, 0, 0) = −gsgv 2e
2µ
ǫ0ǫ~2v2F
[1−Θ(q− 2kF )
×
(
~
2v2F
√
q2 − 4k2F
2~vFq
− ~
2v2Fq
2 − 4m2D
4µ~vFq
atan
~vF
√
q2 − 4k2F
2µ
)]
(18)
for µ > mD (extrinsic). For bilayer system[54], the intraband polarization (which dominant
here) reads[56, 54]
Πbi(q, 0, 0) = −gsgv m
∗
π2~2
∫ kbi
F
0
dp
∫ 2π
0
dθ
p
s2 − 4p2cosθ , (19)
where p =
√
m∗
m
|k|, s =
√
m∗
m
|q|. While for the case of strong interband transition, the
parabolic structure will be broken and acts like the linear structure. In the presence of finite
temperature[57],
Π(q, 0, T ) =
∫ ∞
0
dµ
Π(q, 0, 0)
4T cosh2(EF (T )−EF (0)
2T
)
, (20)
with the Fermi energy E
(2)
F (0) = gsgvvFkF and E
(2)
F (T ) = gsgvT ln(exp(
n
T
π~2v2
F
2ε
) − 1) for the
monolayer silicene; or EbiF (0) =
~
2πn
m∗
and EbiF (T ) = gsgvT ln(exp(
n~2π
Tm∗
) − 1) for the bilayer
silicene. The DOS at Fermi level is incorporated in the expression of the Fermi energy, which
is, for bilayer system, DbiF =
gsm∗
2π~2
, and note that here the Fermi level lies in the bottom of the
conduction parabolic band. In Fig.5 we show the relaxation rate of the impurity scattering in
static-limit and in the absence or presence of the screening wave vector ks. We see that for 2D
monolayer Dirac system the relaxation rate is in an order of 1010 s−1, while for 3D Weyl system
the relaxation rate is in an order of 1020 s−1. That’s agree with the results of the relaxation
time observed: For the freestanding silicene, the relaxation time is nearly 18.2 ps while for Weyl
semimetal the relaxation time is 25 fs (for the typical material Eu2Ir2O7[17]). Our results also
agree with the ones reported in Ref.[58].
9
7 Long-range potential
For long-range impurity (with the potential range larger than the lattice constant a) within
the SiO2 substrate, the Thomas-Fermi approximation is valid for estimation of the induced
charge density, which reads δnk = −e2ϕDbiF [41] where ϕ is the scalar potential induced by the
impurity or the external electric field. For the case of charge inhomogeneous in silicene which
may due to the bound state, the disorder leads to a peak of the DOS in Dirac-point, as directly
shown by the DFT study in Ref.[4] where we found that both the impurity and the Hubbard
interaction will give rise to the DOS in Dirac-point and thus lead to compressibility as well
as the instability[60]. In the presence of electric field applied along the transport direction
which contributes to the nonequilibrium distribution, the Boltzmann equation in relaxation
time approximation becomes
f˙k +∇r · (vkfk)− eEx
~
∇k · fkcosθ = −fk − f
0
k
τk
, (21)
then carrier mobility (hole) has ξx ∼ vx/Ex = ∂H~∂k 1Ex where vx = vsin θ is the group velocity in
transport direction (x-direction here). The carrier mobility at finite temperature reads[30]
ξx =
gsgve
4π2~2nh
∫ 2π
0
dφ
∫ Λ
Ebi
F
dε
k(Ex, φ)
|v(φ)| v
2
x(φ)τ(Ex, φ)(−
∂f 0k
∂ε
), (22)
where
−∂f
0
k
∂ε
=
f 0k (1− f 0k )
T
=
1
gsgv
q2EbiF
π
∑
k(q · vk)2
(23)
in relaxation time approximation, and the hole density here reads nh = gsgv
∑
k
∫
d2q
(2π)2
fk(q) =
gsgv
∫ Λ
0
dεf(ε)DbiF .
In long-wavelength limit (in the absence of Dirac-quasiparticle scattering), the static polar-
ization (within the band gap) can be represented by the thermally averaged DOS:
Π(q→ 0, 0) =
∫ Λ
0
dεDbiF (ε)
∂fk
∂ε
=−
∫ µ
dε
gsgvm
∗
2π~2
√
mD
ε
1
gsgv
q2EbiF (T )
π
∑
k(q · vk)2
=
m∗q2ε
π2
∑
k(q · vk)2
√
mD
ε
EbiF (T )(ε ≤ mD),
(24)
where the velocity can be obtained as
vk =
∂H
~∂k
=
1
~
(~vF + aηλR2 +
tw
2
), (25)
for a single component of the degree of freedom. This is in agree with our previous result[22]
(not in relaxation time approximation):
Π(0, 0) = −gsgv 2e
2T
2πǫ0ǫv
2
F
[
ln(2cosh
mD + µ
T
)− mD
2T
tanh
mD + µ
2T
+ (µ→ −µ)
]
. (26)
at finite temperature, and
Π(0, 0)T→0 = −e2D(|µ|) = −e2 gsgv|µ|
2π~2v2F
1
2
∑
η=±1
[θ(|2µ| − 2|mD|η)] . (27)
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at zero-temperature. In Fig.6, we show the static polarization function described above with
different temperature and Dirac-mass. In the upper panel of Fig.6, we show the trend of the
static polarization in relaxation-time approximation (Eq.(24)) with the increasing temperature,
we find that for higher temperature, the required carrier density for nonzero polarization is
larger. And with the increase of T , the decrease of polarization becomes slower (see lower panel
of the Fig.6), and its temperature-dependence is decrease with the increase of Dirac-mass, thus
we can expect that the polarization could be nearly T -independent in adiabatically case (with
large gap) and at high temperature.
The usual handling method for the impurity problem is by assuming the single-impurity case
that the imputiry potential scattering is given by a δ-term and independent of the momentum.
Such assuming also provides the electron-density-deviation induced by the impurity reads δnk =∫
d2q
(2π)2
eiq·r(1− ǫ(q)) (in static limit), where r here denotes the position of the single-impurity,
and the term eiq·r can be omitted when we set r = 0, i.e., embed the impurity in the position
r = 0. While for the multi-impurity case, in the method of T -matrix approximation[59], the
T -matrix is no longer only depends on the ω, but also depends on the q, i.e., the T satisfies
T (k, k′, ε) = V (k, k′) +
∑
k′=k+q
V (q, q′′)G0(q
′′, ε)T (q′′, q′, ε), (28)
where the non-scattering Green’s function reads
G0(q
′′, ε) = [ε−H(q′′)]−1. (29)
8 Summary and overlook
The disorder, including the local charged impurity, vacancy, crack, and the electron-electron
interaction, may leads the instability as well as the nonzero DOS in Dirac-point. It’s also found
that, the modulation of the anisotropic hopping and the induced inhomogeneous charges will
leads to the semi-Dirac system which with one parabolic component and one linear component
in momentum space, and according to its special band structure, we can reasonally predict that
the semi-Dirac system has a relaxation feature as well as the dynamical polarization between the
linear Dirac system and the parabolic system which will be discussed in other place. The chiral
factor Fss′ (Eq.(6)) is related to the cos2θss′ due to the bilayer character (with strong interlayer
coupling), but for weakly coupled bilayer system, the factor Fss′ (Eq.(6)) is still related to the
cosθss′ but not cos2θss′. This is also agree with the result of Ref.[26]. Then we can expect a new
form of the chiral factor for the semi-Dirac system which dependent on the interlayer coupling
strength. Specially, for parabolic system with Mexican hat band structure[58], the DOS at
Fermi level DbiF is no more energy-independent but related to the ”height” of the Mexican hat
band.
We deduce the relaxation rate at low-temperature of the Dirac and Weyl system at a SiO2
substrate, where the elastic backscattering is dominant due to the phase-space restriction.
While at finite temperature, the anisotropic is rised due to the hole-phonon scattering[30] with
nonparabolic effect. The anisotropic effect (to the relaxation) also induced by the external
electric field along the transport direction, which can be treated as an asymmetric component
(related to the scattering angle) of the distribution function. However, the isotropic polariza-
tion (or the screening of the impurity scattering by the conduction electrons) is preserved[6]
beyong the Thomas-Fermi approximation q ≤ 2kF (i.e., the scattering is constricted within the
Fermi surface). The static polarization in long-wavelength limit is also obtained in relaxation
time approximation(Eq.(24)), which is proportional to the DOS at Fermi level, and that’s also
consistent with the previous results[31]. Our results are also valid for the bilayer graphene or
other bilayer systems with strong interlayer coupling.
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9 Appendix.A
The energy of the bilayer silicene Ebi = ε can be obtained by solving Eq.(2) as
ε± = µ+Msσz ± 1
2
√
F1, (30)
where
F1 =4M
2
s + 4µ
2 + 4λ2SOC + 4ηµλR1σy + 8Msµσz + 4ηMsλR1σyσz + 2η~k
2τ ′xtwv + 4h
2k2v2F−
4E⊥ηλSOCσz∆+ E
2
⊥∆
2 − 8akλR2λSOCσyσzcosθ + 4kµτ ′xtwcosθ+
2ηkλR1σyτ
′
xtwcosθ + 4kMsσzτ
′
xtwcosθ − 2kλR1σxτ ′ytwcosθ + 8η~kµvcosθ+
4~kλR1σyvF cosθ + 8η~kMsσzvcosθ + 4aE⊥ηkλR2σy∆cosθ−
4a2k2λ2R2cos2θ + 2η~k
2τ ′xtwvcos2θ + 8akλR2λSOCσxσzsinθ − 4hkλR1σxvF sinθ−
4aE⊥ηkλR2σx∆sinθ − 4a2k2λ2R2σxσysin2θ+
2~k2τ ′ytwvF sin2θ + (8ηλSOCσyσzτ
′
x + 8λSOCσxσzτ
′
y−
4E⊥σyτ
′
x∆− 4E⊥ησxτ ′y∆+ 8akλR2(ητ ′x − σxσyτ ′y)cosθ+
8akλR2(ησxσyτ
′
x + τ
′
y)sinθ)λSOC⊥ + 8(−1 + ησxσyτ ′xτ ′y)(λSOC⊥)2+
2(2µτ ′x + ηλR1σyτ
′
x + 2Msσzτ
′
x + λR1σxτ
′
y + 2k(tw + η~τ
′
xv)cosθ−
2~kτ ′yvF sinθ)t⊥.
(31)
The above expression is a two-band model since we only consider the pseudospin degree of
freedom. For a simlification, the four band model considering the spin and valley degrees of
freedom, the energy can be expressed as
ε± = ±
√
m2D + (
t2⊥
2
) + ~2v2Fk
2 + (−1)a
√
(
t4⊥
4
) + ~2v2Fk
2 · (t2⊥ + (2mD)2). (32)
where α = ±1. That is similar to the bilayer graphene[62, 63, 64]. Note that, in fact the bilayer
silicene has four[65] or more[66] stacking ways, we only discuss the general case here. For a
detailly DFT study about the seversal kinds of bilayer silicene, see, e.g., Refs.[4, 67, 9].
10 Appendix.B
The one-loop polarization function for bilayer silicene reads[61]
Πbi(q, iΩ) = −gsgv 2πe
2T
ǫ0ǫ
∑
iω
∫
d2k
(2π)2
Tr [1G(k+ q, iΩ + iω)1G(q, iω)] , (33)
where the Matsubara frequencies reads iΩ = Ω+ i0 with Ω = 2mπT and ω = 2(n+ 1)πT , and
1 is the unit matrix. The Green’s function
G(q, iω) =
i
1(ω + i0− µ) + k+mD . (34)
Then in the case of strong interlayer coupling (t⊥ = 2 eV > t), the polarization reads[26]
Πbi(q, iΩ) =− gsgv 2πe
2T
ǫ0ǫ
[∫ Ek>µ d2k
2π2
1− cos2θss′
2
Ek′ + Ek
Ω2 − (Ek′ + Ek)2
+
∫ Ek<µ d2k
2π2
1 + cos2θss′
2
Ek′ −Ek
Ω2 − (Ek − Ek′)2
]
,
(35)
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where k′ = k+ q and the term cos2θss′ has been presented in the Eq.(7). In strong-interlayer-
coupling limit t⊥ → ∞ with large scattering wave vector, the parabolic spectrum has Ek =
~2q23a2t2
4~2t⊥
→ q2/t⊥.
References
[1] Ohta T, Bostwick A, Seyller T, et al. Controlling the electronic structure of bilayer graphene[J]. Science,
2006, 313(5789): 951-954.
[2] Ospina D A, Duque C A, Correa J D, et al. Twisted bilayer blue phosphorene: A direct band gap semi-
conductor[J]. Superlattices and Microstructures, 2016, 97: 562-568.
[3] Jain A, McGaughey A J H. Strongly anisotropic in-plane thermal transport in single-layer black phospho-
rene[J]. Scientific reports, 2015, 5: 8501.
[4] Wu C H. Geometrical structure and the electron transport properties of monolayer and bilayer silicene near
the semimetal-insulator transition point in tight-binding model[J]. arXiv preprint arXiv:1805.00350, 2018.
[5] Kim S J, Kim D W, Lim J, et al. Large-area buckled MoS2 films on the graphene substrate[J]. ACS applied
materials & interfaces, 2016, 8(21): 13512-13519.
[6] Liu Y, Low T, Ruden P P. Mobility anisotropy in monolayer black phosphorus due to scattering by charged
impurities[J]. Physical Review B, 2016, 93(16): 165402.
[7] John R, Merlin B. Optical properties of graphene, silicene, germanene, and stanene from IR to far UVa
first principles study[J]. Journal of Physics and Chemistry of Solids, 2017, 110: 307-315.
[8] Yang L, Deslippe J, Park C H, et al. Excitonic effects on the optical response of graphene and bilayer
graphene[J]. Physical review letters, 2009, 103(18): 186802.
[9] Wu C H. Interband and intraband transition, dynamical polarization and screening of the monolayer and
bilayer silicene in low-energy tight-binding model[J]. arXiv preprint arXiv:1805.07736, 2018.
[10] Wu C H. Electronic transport and the related anomalous effects in silicene-like hexagonal lattice[J]. arXiv
preprint arXiv:1807.10898, 2018.
[11] Scholz A, Stauber T, Schliemann J. Dielectric function, screening, and plasmons of graphene in the presence
of spin-orbit interactions[J]. Physical Review B, 2012, 86(19): 195424.
[12] Orlita M, Basko D M, Zholudev M S, et al. Observation of three-dimensional massless Kane fermions in a
zinc-blende crystal[J]. Nature Physics, 2014, 10(3): 233.
[13] Wu C H. Dynamical polarization and the optical response of silicene and related materials[J]. arXiv preprint
arXiv:1808.03442, 2018.
[14] McCann E, Kechedzhi K, Falko V I, et al. Weak-localization magnetoresistance and valley symmetry in
graphene[J]. Physical Review Letters, 2006, 97(14): 146805.
[15] Hwang E H, Adam S, Sarma S D. Carrier transport in two-dimensional graphene layers[J]. Physical review
letters, 2007, 98(18): 186806.
[16] Wu C H. Many-electron effect to the dynamical polarization of silicene-like two-dimension Dirac materi-
als[J]. arXiv preprint arXiv:1808.06263, 2018.
[17] Wu C H. Dynamical polarization, plasmon model, and the Friedel oscillation of the screened potential in
doped Dirac and Weyl system[J]. arXiv preprint arXiv:1809.00169, 2018.
[18] Cheianov V V, Falko V I. Friedel oscillations, impurity scattering, and temperature dependence of resistivity
in graphene[J]. Physical review letters, 2006, 97(22): 226801.
[19] Liu F, Liu C C, Wu K, et al. d+ i d Chiral Superconductivity in Bilayer Silicene[J]. Physical review letters,
2013, 111(6): 066804.
13
[20] Ezawa M. Quasi-topological insulator and trigonal warping in gated bilayer silicene[J]. Journal of the
Physical Society of Japan, 2012, 81(10): 104713.
[21] Morell E S, Torres L E F F. Radiation effects on the electronic properties of bilayer graphene[J]. Physical
Review B, 2012, 86(12): 125449.
[22] Wu C H. Integer quantum Hall conductivity and longitudinal conductivity in silicene under the electric
field and magnetic field[J]. arXiv preprint arXiv:1805.10656, 2018.
[23] Wu C H. Josephson effect in silicene-based SNS Josephson junction: Andreev reflection and free energy[J].
arXiv preprint arXiv:1806.10289, 2018.
[24] Wu C H. Anomalous Rabi oscillation and related dynamical polarizations under the off-resonance circularly
polarized light[J]. arXiv preprint arXiv:1806.03592, 2018.
[25] Feng B, Li H, Liu C C, et al. Observation of Dirac cone warping and chirality effects in silicene[J]. ACS
nano, 2013, 7(10): 9049-9054.
[26] Gamayun O V. Dynamical screening in bilayer graphene[J]. Physical Review B, 2011, 84(8): 085112.
[27] Khveshchenko D V. Massive Dirac fermions in single-layer graphene[J]. Journal of Physics: Condensed
Matter, 2009, 21(7): 075303.
[28] Lv M, Zhang S C. Dielectric function, Friedel oscillation and plasmons in Weyl semimetals[J]. International
Journal of Modern Physics B, 2013, 27(25): 1350177.
[29] Zhou J, Chang H R, Xiao D. Plasmon mode as a detection of the chiral anomaly in Weyl semimetals[J].
Physical Review B, 2015, 91(3): 035114.
[30] Fischetti M V, Ren Z, Solomon P M, et al. Six-band k·p calculation of the hole mobility in silicon inversion
layers: Dependence on surface orientation, strain, and silicon thickness[J]. Journal of Applied Physics,
2003, 94(2): 1079-1095.
[31] Adam S, Sarma S D. Boltzmann transport and residual conductivity in bilayer graphene[J]. Physical Review
B, 2008, 77(11): 115436.
[32] Sensarma R, Hwang E H, Sarma S D. Dynamic screening and low-energy collective modes in bilayer
graphene[J]. Physical Review B, 2010, 82(19): 195428.
[33] Jena D, Smorchkova Y, Elsass C, et al. Electron transport and intrinsic mobility limits in two-dimensional
electron gases of III-V nitride heterostructures[J]. arXiv preprint cond-mat/0103461, 2001.
[34] Shen L, Heikman S, Moran B, et al. AlGaN/AlN/GaN high-power microwave HEMT[J]. IEEE Electron
Device Letters, 2001, 22(10): 457-459.
[35] Nomura K, MacDonald A H. Quantum Hall ferromagnetism in graphene[J]. Physical review letters, 2006,
96(25): 256602.
[36] Burkov A A, Hook M D, Balents L. Topological nodal semimetals[J]. Physical Review B, 2011, 84(23):
235126.
[37] Wu C H. Time Evolution and Thermodynamics for the Nonequilibrium System in Phase-Space[J]. arXiv
preprint arXiv:1711.00547, 2017.
[38] Pines D. Elementary excitations in solids[M]. CRC Press, 2018.
[39] Resta R. Thomas-Fermi dielectric screening in semiconductors[J]. Physical Review B, 1977, 16(6): 2717.
[40] Nomura K, MacDonald A H. Quantum transport of massless Dirac fermions[J]. Physical review letters,
2007, 98(7): 076602.
[41] Stauber T, Peres N M R, Guinea F. Electronic transport in graphene: A semiclassical approach including
midgap states[J]. Physical Review B, 2007, 76(20): 205423.
[42] Tao L, Cinquanta E, Chiappe D, et al. Silicene field-effect transistors operating at room temperature[J].
Nature nanotechnology, 2015, 10(3): 227.
14
[43] Wang Y P, Cheng H P. Absence of a Dirac cone in silicene on Ag (111): First-principles density functional
calculations with a modified effective band structure technique[J]. Physical Review B, 2013, 87(24): 245430.
[44] Adam S, Hwang E H, Galitski V M, et al. A self-consistent theory for graphene transport[J]. Proceedings
of the National Academy of Sciences, 2007, 104(47): 18392-18397.
[45] Nomura K, Koshino M, Ryu S. Topological delocalization of two-dimensional massless Dirac fermions[J].
Physical review letters, 2007, 99(14): 146806.
[46] Ando T, Nakanishi T. Impurity scattering in carbon nanotubesabsence of back scattering[J]. Journal of the
Physical Society of Japan, 1998, 67(5): 1704-1713.
[47] Li X, Mullen J T, Jin Z, et al. Intrinsic electrical transport properties of monolayer silicene and MoS 2
from first principles[J]. Physical Review B, 2013, 87(11): 115418.
[48] Paolo, Giannozzi, et al. ”QUANTUM ESPRESSO: a modular and open-source software project for quantum
simulations of materials.” J. Phys.: Condens. Matter 21.39 (2009): 395502.
[49] Wan W, Ge Y, Yang F, et al. Phonon-mediated superconductivity in silicene predicted by first-principles
density functional calculations[J]. EPL (Europhysics Letters), 2013, 104(3): 36001.
[50] Pennington G, Goldsman N. Semiclassical transport and phonon scattering of electrons in semiconducting
carbon nanotubes[J]. Physical Review B, 2003, 68(4): 045426.
[51] Borysenko K M, Mullen J T, Barry E A, et al. First-principles analysis of electron-phonon interactions in
graphene[J]. Physical Review B, 2010, 81(12): 121412.
[52] Baroni S, De Gironcoli S, Dal Corso A, et al. Phonons and related crystal properties from density-functional
perturbation theory[J]. Reviews of Modern Physics, 2001, 73(2): 515.
[53] Gajdosˇ M, Hummer K, Kresse G, et al. Linear optical properties in the projector-augmented wave method-
ology[J]. Physical Review B, 2006, 73(4): 045112.
[54] Low T, Rolda´n R, Wang H, et al. Plasmons and screening in monolayer and multilayer black phosphorus[J].
Physical review letters, 2014, 113(10): 106802.
[55] Tabert C J, Nicol E J. Dynamical polarization function, plasmons, and screening in silicene and other
buckled honeycomb lattices[J]. Physical Review B, 2014, 89(19): 195410.
[56] Kittel C, McEuen P, McEuen P. Introduction to solid state physics[M]. New York: Wiley, 1996.
[57] Liu Y, Ruden P P. Temperature-dependent anisotropic charge-carrier mobility limited by ionized impurity
scattering in thin-layer black phosphorus[J]. Physical Review B, 2017, 95(16): 165446.
[58] Das P, Wickramaratne D, Debnath B, et al. Charged impurity scattering in two-dimensional materials with
ring-shaped valence bands: GaS, GaSe, InS, and InSe[J]. arXiv preprint arXiv:1808.10853, 2018.
[59] Onoda S, Sugimoto N, Nagaosa N. Intrinsic versus extrinsic anomalous Hall effect in ferromagnets[J].
Physical review letters, 2006, 97(12): 126602.
[60] Guinea F, Katsnelson M I, Vozmediano M A H. Midgap states and charge inhomogeneities in corrugated
graphene[J]. Physical Review B, 2008, 77(7): 075422.
[61] Gorbar E V, Gusynin V P, Miransky V A, et al. Magnetic field driven metal-insulator phase transition in
planar systems[J]. Physical Review B, 2002, 66(4): 045108.
[62] Tabert C J, Nicol E J. Dynamical conductivity of AA-stacked bilayer graphene[J]. Physical Review B, 2012,
86(7): 075439.
[63] Prada E, San-Jos P, Brey L, et al. Band topology and the quantum spin Hall effect in bilayer graphene[J].
Solid State Communications, 2011, 151(16): 1075-1083.
[64] Nicol E J, Carbotte J P. Optical conductivity of bilayer graphene with and without an asymmetry
gap.Physical Review B, 2008, 77(15): 155409.
15
[65] Liu F, Liu C C, Wu K, et al. d+ i d Chiral Superconductivity in Bilayer Silicene[J]. Physical review letters,
2013, 111(6): 066804.
[66] Padilha J E, Pontes R B. Free-standing bilayer silicene: the effect of stacking order on the structural,
electronic, and transport properties[J]. The Journal of Physical Chemistry C, 2015, 119(7): 3818-3825.
[67] Wu C H. Tight-binding model and ab initio calculation of silicene with strong spin-orbit coupling in low-
energy limit[J]. arXiv preprint arXiv:1804.01695, 2018.
16
11 Tables
Table.1: Phonon frequency in the symmetry points of monolayer silicene and MoS2.
Phonon model (silicene) Γ-point K-point M-point
LA 0 cm−1 188 cm−1 106 cm−1
TA 0 cm−1 103 cm−1 100 cm−1
ZA 0 cm−1 103 cm−1 100 cm−1
Phonon model (MoS2) Γ-point K-point M-point
LA 0 cm−1 234 cm−1 235 cm−1
TA 0 cm−1 186 cm−1 154.6 cm−1
ZA 0 cm−1 176 cm−1 170.8 cm−1
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Fig.1
Figure 1: (Color online) Energy and density plot of the monolayer silicene with hexagonal warping (upper) and
the bilayer silicene with trigonal warping (lower) in momentum space.
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Figure 2: (Color online) Band structure of he bilayer silicene under different electric field. The upper panel
without contains the effect of interlayer hopping, while the lower panel contains the effect of interlayer hopping.
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Figure 3: (Color online) The azimuthal integral of the chirality factor Fss′ over all possible scattering angle.
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Fig.4
Figure 4: (Color online) The residual density as a function of temperature T and chemical potential µ.
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Fig.5
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Figure 5: (Color online) Relaxation time of the impurity scattering in the absence or presence of the screening
wave vector ks. The blue line and yellow line correspond to the 2D Dirac system and the 3D Weyl system (in
the absence of the chiral anomaly), respectively. The Fermi velocity is setted as 5.5× 105 here, the background
dielectric constant is ǫ = 2.45, and the corresponding impurity concentration is indicated in each panel.
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Figure 6: (Color online) Static polarization in q→ 0 limit and relaxation-time approximation as a function of
hole density nh with different temperature (upper), and the Π(0, 0) as a function of temperature with different
Dirac-mass (here the chemical potential is setted as 0.2 eV). Note that in the transverse axis of upper panel,
we use the unit of nh = 10
10 for visualize the trend.
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